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Abstract. A new notion of cohomology is introduced for MT-spaces, which 
are measurable and topological spaces whose measurable structure may not 
agree with the Borel cr-algebra of their topology. The main examples of MT- 
spaces are measurable foliations. This is a singular version of the measurable 
simplicial cohomology defined by Heitsch and Lazarov for foliations [7] and 
extended by Bermudez for MT-spaces [l]. Basic topics of algebraic topology 
are adapted, and applications to the theory of foliations are given. Moreover 
we introduce a new notion of singular L'^-cohomology for MT-spaces. 



Introduction 

The theory of MT-spaces is mainly devoted to the study of foHations. A usual 
foliation induces an MT-space by choosing the Borel cr-algebra of the ambient space 
of the foliation and the leaf topology (whose connected components are the leaves). 
The resulting MT-space may be thought of as a simplification of the foliation where 
the transverse topology is dropped off and only the leaf topology and the global 
measurable structure remain. Thus the transverse topological dynamics does not 
make sense. However the transverse measurable dynamics is now relevant, and MT- 
spaces are the appropriate abstract setting to study it. For instance, a notion of 
holonomy transformation can be defined, but the holonomy germs cannot be con- 
sidered. In general, transversely measurable invariants of foliations (or invariants 
of manifolds) can be defined in the MT-setting, where they may become easier to 
deal with. 

The first section introduces the basic theory and notation of MT-spaces, used in 
the rest of the paper, following the work of M. Bermudez and G. Hector 

The second section introduces the concept of measurable singular cohomology. 
Its definition, possible variants, and corresponding versions of basic results of alge- 
braic topology are given, like excision, Mayer- Vietoris or its homotopy invariance. 

The third section deals with other versions of measurable cohomology, like the 
simplicial or versions, which can be found in the works of M. Bermudez |T] and 
J.L. Heitsch and C. Lazarov [?]• We prove that our singular version is isomorphic 
to the simplicial one. 

The fourth section is devoted to a new concept of measurable singular L^- 
cohomology. We prove that it is a homotopy invariant under some conditions, and 
that it is isomorphic to the L^-simplicial cohomology defined in [7] . We think that 
this new cohomology could be used to give a new proof of the homotopy invariance 
of the L^-Bctti numbers proved by J.L. Heitsch and C. Lazarov [7]. 
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A final section of examples is given. For instance, the measurable cohomology of 
degree n is computed for the Kronecker type foliation of the n + 1 torus by minimal 
hyperplanes of dimension n, showing that it is not trivial. 



1. MT-SPACES AND MEASURABLE LAMINATIONS 

A measurable topological space, or MT- space, is a set X equipped with a a- 
algebra and a topology. Usually, measure theoretic concepts will refer to the a- 
algebra of X, and topological concepts will refer to its topology; in general, the 
cr-algebra is different from the Borel a-algebra induced by the topology. An MT- 
map between MT-spaces is a measurable continuous map. An MT-isomorphism is a 
map between MT-spaces that is a measurable isomorphism and a homeomorphism. 

Trivial examples are topological spaces with de Borel cr-algebra, and measurable 
spaces with the discrete topology. Let X and Y be MT-spaces. Suppose that there 
exists a measurable embedding i : X that maps measurable sets to measurable 
sets. Then X is called an MT-subspace of Y. Notice that if X and Y are standard, 
the measurability of i means that it maps Borel sets to Borel sets [12] . The product 
AT X y is an MT-space too with the product topology and the tr-algebra generated 
by products of measurable sets of X and Y. 

Let R be an equivalence relation on an MT-space X. In order to give an MT- 
structure to the quotient X/R, consider the quotient topology and the cr-algebra 
generated by the projections of measurable saturated sets of X. 

A Polish space is a completely metrizable and separable topological space. A 
standard Borel space is a measurable space isomorphic to a Borel subset of a Polish 
space. Let T be a standard Borel space and let P be a Polish space. P x T will 
be endowed with the structure of MT-space defined by the cr-algebra generated 
by products of Borel subsets of T and Borel subsets of P, and the product of the 
discrete topology on T and the topology of P. 

A measurable chart on an MT-space X is an MT-isomorphism (p : U P x T, 
where U is open and measurable in A, T is a standard Borel space, and P is locally 
compact, connected and locally path connected Polish space; let us remark that 
P and T depend on the chart. The sets (p~^{P x {*}) are called plaques of (p, 
and the sets x T) are called transversals associated to (p. A measurable 

atlas on A is a countable family of measurable charts whose domains cover X . A 
measurable lamination is an MT-space that admits a measurable atlas. Observe 
that we always consider countable atlases, therefore the ambient space is also a 
standard space. The connected components of X are called its leaves. An example 
of measurable lamination is a usual foliation with its Borel cr-algebra and the leaf 
topology. According to this definition, the leaves are second countable connected 
manifolds, but they may not be Hausdorff. If P ~ M™, it is possible to define 
a concept of C" tangential structure; in this setting, it cannot be defined as a 
maximal atlas with (tangentially) C changes of coordinates because the atlases 
are required to be countable, but we proceed as follows. A measurable atlas is said 
to be (tangentially) if its coordinate changes are (tangentially) C" . Then a C 
structure is an equivalence class of C measurable atlases, where two C" measurable 
atlases are equivalent if their union is a C" measurable atlas. 

The term "lamination" (or "measurable lamination") is commonly used when 
the leaves are manifolds. Thus the term "measurable Polish lamination" could be 
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more appropiate in our setting. But we simply write "measurable lamination" for 
the sake of simplicity. 

A measurable subset T G X is called a transversal if its intersection with each 
leaf is countable these are slightly more general than the transversals of [I]. 
Let T{X) be the family of transversals of X. This set is closed under countable 
unions and intersections, but it is not a cr-algebra. A transversal meeting all leaves 
is called complete. 

A measurable holonomy transformation is a measurable isomorphism j : T ^ T' , 
for T, T' £ T{X), which maps each point to a point in the same leaf. A transverse 
invariant measure on X is a a-additive map, A : T{X) — > [0, oo], invariant by mea- 
surable holonomy transformations. The classical definition of transverse invariant 
measure in the context of foliated spaces is a measure on topological transversals in- 
variant by holonomy transformations (see e.g. [4]). These two notions of transverse 
invariant measures agree for foliated spaces [S]. 

Our principal tools in this setting are the following two results. 

Proposition 1.1 (Lusin, see e.g. |12|). Let X and Y be standard Borel spaces and 
f : X ^ Y a measurable map with countable fibers. Then f{X) is Borel in Y and 
there exists a measurable section s : f{X) X of f . In particular, if f is injective, 
then s is a Borel isomorphism. Moreover there exists a countable Borel partition, 
X = [J^Xi, so that each restriction is injective. 

Theorem 1.2 (Kunugui, Novikov, see e.g. [H]). Let {Vn}n£fi be a countable base 
for a Polish space P. Let B C P x T be a Borel set such that B r\{P x {t}) is open 
for every t GT. Then there exists a sequence {-BnjneN of Borel sets of T such that 

B = |J(K X B„) . 

n 

Lemma 1.3. Let (pi : Ui P x Ti and (pj : Uj ^ P x Tj be measurable Pol- 
ish charts of X. There exists a sequence of Borel sets of Ti, and a 
base of P, {Vnjnen, such that <pi{Ui n Uj) = U„(^n ^ ^n) and tfj o ip~^{x,t) = 
{gijn{x, t), fijn{t)) for (x, t) ^ Vn X Bn, wherc each fijn is a Borel isomorphism and 
each gijn is an MT-map. 

Proof. We apply Theorem 11.21 to '.pj{Ui n Uj), with a base {KijneN consisting of 
connected open sets of P, and obtain a family of sets VnXB'^ such that (pj^UinUj) = 
[j„{Vn X B'^). Now we apply Theorem [T^ to each set ^p., o (^^1(^4 x i?^). A; e N. 
We obtain sequences B'f, ^ such that 

o ^-\Vk X B',) = |J(K X BlJ , fc e N . 

n 

The sets ipj o (pT'^{Vn x {t}), t £ B'j, ^, are contained in a single plaque of the form 
M" X {*} since each Vn is connected. Hence 

ipj Oip^^{x,t) = igijknix,t), fijkn{t)) 

for (x, t) ^ Vn X B'f, ^. We shall show that fijkn is bijective. If there exist i, t' £ Ti 
with/yA;„(i) = fijknit') = t", thengijkniVnX{t}) and gyfc„(14 x {i'}) are contained 
in the plaque Vk x {t"} of Vk x B^, but this plaque is image by tpj o tp^^ of a given 
connected open set since ipj and (pi are homeomorphisms, and Vk is connected. 
Thus the image by ipi o ipj^ of the plaque Vk x {t"} is contained in a single plaque 
oi Ui. This contradicts t ^ t' . 
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It is easy to show that the maps fijkn are measurable since they can be given as a 
composition of a projection with the restriction of the cocycle map (pj o ipT^ to 
FinaUy, the maps fijkn are Borel isomorphisms to their images by Proposition ll.il 

□ 

Definition 1.4. A fohated measurable atlas U is called regular if, for each chart 
{U, if) G U, there exists another measurable foliated chart {W, tp) such that the 
closure of each plaque in U is compact, U C W, ip — ^\u, and, for every pair of 
charts (C/i,(/7i), {U2,^P2) G each plaque of {Ui,ipi) meets at most one plaque of 
{U2, ^2)- The set U is also measurable for all {U, ip) G U. 

This definition is weaker than the corresponding one for usual foliations (see e.g. 
[4]). The locally finite condition cannot be considered in the measurable setting 
since there is no ambient topology. The following result follows from Lemma ll.3l 

Corollary 1.5. A measurable foliated space with a foliated measurable atlas, such 
that each chart meets a finite number of charts, admits a regular measurable foliated 
atlas. 

From now on, we always consider measurable laminations that admit regular 
measurable foliated atlases. 

Example 1.6 (Measurable wedge). Let F and Q be measurable laminations, and 
let T and T' be complete transversals consisting of isolated points in leaves. Suppose 
that there exists a measurable bijection 7 : T — T' such that ^ : T / F ^ T' /Q is 
bijective (the bijection take points of each leaf to a single leaf in both directions). 
The measurable wedge Fwl^ Q, relative to the pair (T, 7), is the quotient MT-space 
of J- UQ hy the relation t ^ ^{t) for t E T. The measurable wedge is a measurable 
lamination since T and T' = j{T) consist of isolated points on the leaves. If T (and 
T') meets each leaf in only one point, then the measurable wedge is a measurable 
lamination where any leaf is a wedge of two leaves by the latest condition on 7. 
Unfortunately, in many measurable laminations there is no measurable transversal 
with this property. 

Example 1.7 (Measurable suspensions). Let P be a connected, locally path con- 
nected and semi-locally 1-connected Polish space, and let 5 be a standard space. 
Let Meas(5) denote the group of measurable transformations of S. Let 

h : ni{P,xo) Meas(5) 

be a homomorphism. Let P the universal covering of P and consider the action of 
7ri(P, xo) on the MT-space P x S given by 

g ■ {x,y) = {xg^^ ,h{g){y)) . 

The corresponding quotient MT-space, P Xh S, will be called the measurable sus- 
pension oi h. P Xfi S is a measurable lamination, {*} x 5 is a complete transversal, 
and its leaves are covering spaces of P. 

Example 1.8 (Measurable graphs). Measurable graphs are measurable lamina- 
tions such that every leaf is a graph in the classical sense. In this setting, any 
plaque is a finite wedge of open intervals. Of course, the measurable wedge of 
measurable graphs is a measurable graph. 
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2. Measurable singular, cohomology 

The idea of introducing a measurable cohomology for MT-spaces is an attempt to 
define an algebraic invariant giving information about the mixing of their topology 
and measurable structure. The natural setting is, surprisingly, the cohomology and 
not the homology: measurability has an obvious simple interpretation for singular 
cochains, whilst it seems to be difficult to introduce for singular chains. We also 
suppose that F is a standard commutative group or unitary ring; i.e., F is an abelian 
group or unitary ring and a standard space where all the operations and the inverse 
map are measurable. 

Definition 2.1 (Measurable prism). A meaurable prism is a product of a standard 
Borel space T and a linear region of M (for instance a polygon) with the standard 
MT-structure. A measurable simplex is a measurable prism where the topological 
fiber is a canonical n-simplex A". A measurable singular simplex on X is an MT- 
map CT : A" X T ^ X. 

Let w be a usual singular n-cochain over a coefiicient ring F. It is said that u) is 
measurable if : T — )• F, i i-)- ijj{(T\Ax{t}), is measurable for all measurable singular 
n-simplex a. The set of measurable cochains is a subcomplex of the complex of 
usual cochains since the coboundary operator 6 preserves the measurability. This 
measurable subcomplex is denoted by Clfrp{X,T), and the coboundary operator 
restricted to this complex is also denoted by S. 

The singular measurable cohomology is defined as usual by 

H^T.{X,T)^KcT6n/lmSn^i . 

The usual cup product gives a well defined exterior product on measurable 
cochains since the operations in F are measurable. 

The usual formula Sicu 9) = Slo — 61 + (-l)"w Sd holds. Therefore 
a cup product is induced in measurable cohomology, obtaining the graded ring 
iH;,^{X,T),+,-^). 

Any MT-map f : X ^ Y defines a cochain map /* : Cl^j.{Y, F) Cl^j.{X. F) by 
/*(a;)((j) = aj(/ o (t), which in turn induces a homomorphism between measurable 
cohomology groups, /* : Hl^rj,{YS) Hl^r^,{X.T). 

Let U (1 X he an MT-subspace of X. The inclusion map determines a chain 
map i* : C^,irp(Ar, F) — > C^rp(C/, F). The cochain complex Ker(i*) will be denoted 
by C^rp(X, J7, F); it consists of the cochains that vanish on any singular simplex 
contained in U. The corresponding cohomology groups will be called the measurable 
relative cohomology groups of {X,U). By using the Ker-Coker Lemma like in the 
classical case, there exists a long exact sequence of cohomology groups (the details 
are easy to check): 

• • • H^^^iX, U, F) ^ HS^T^iX, F) ^ HI\t.{U. F) ^ H^+\X, C/, F) ^ • • • 

Definition 2.2. Let X, Y be MT-spaces. A measurable homotopy or MT-homotopy 
is an MT-map H : X x [0,1] ^ Y. It is said that H{-, 0) and H{-, 1) are MT- 
homotopic maps. 

Proposition 2.3 (Invariance by MT-homotopy). Let f,g : X ^ Y be MT- 

homotopic maps. Then f* — g* : _ff^jrp(y, F) — > _ffj^rp ( X, F) . 

Proof. The proof is a trivial consequence of the classical proof for singular coho- 
mology. The measurable homotopy induces a chain homotopy between /* and 
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5* at the chain complex level. The definition is given by cutting on the space 
A" X [0, 1] into a finite number of {n + l)-simplices A"+^, we will denote these 
simplices by 11^. Let H be the measurable homotopy between / and g. The map 
P : C"+n^,r) C"iX,T) defined by P(a;)(cr) = o cr\nj, where h is 

the orientation factor: = 1 if the orientation of Hi agrees with the orientation 
induced by A" x [0, 1], and li = —1 otherwise; here, the orientation in A" x [0, 1] 
is chosen so that it induces the usual orientation of a simplex in the fiber A" x {0} 
(see [B] for details) . This map is a cochain homotopy between /* and g* preserving 
measurability. Hence /* and g* induce the same homomorphism in measurable 
cohomology. □ 

Let U he a countable measurable open covering of X and let {X, F) the set 
of chains whose simplices are contained in elements of U. Clearly, C^{X,r) is a 
chain subcomplex of C*(X, F). The cochain complex Cj^(X, F), dual of C^(X, F), 
will be called the cochain complex of X associated to the covering 14. For the 
measurable setting, it is enough to check the measurability condition for this type 
of cochains on simplices a : A x T X, with a{A x T) C U for some U ^ lA. 
The respective cohomology groups are denoted by if^ j^rj,(X, F). Our goal now is 
to show that these groups are isomorphic to the original ones. The restriction map 
induces a natural homomorphism i : H^^{X, F) HJ} mtI^' T). To prove that i is 
an isomorphism, we adapt the classical proof by using nice subdivisions of singular 
simplices adapted to U in order to give an inverse map preserving measurability. 

Definition 2.4. A linear region of M" is a compact and connected set defined by 
a finite union of finite intersections of half-hyperplanes. Here, a half-hyperplane is 
the set of points x G M" satisfying a linear inequality (j){x) < c, where 4> ■ 1^" ^ 
is a non-zero linear map and c £ M. Any linear region has the structure of manifold 
with corners. A linear region R is maximal if its dimension is n. Given a linear 
region R of M", its boundary dR can be expressed as a union of linear regions on 
affine submanifolds of R" of dimension i < n; they are called the i- faces of the 
linear region. Two linear regions of R" are said to be attached if their intersection 
is a union of faces. 

Lemma 2.5. A finite union of maximal linear regions o/M", _Ri U ... U Rjsf, can be 
expressed as a finite union of maximal linear regions R[, i G {!,..., iV"'}, such that 
R[ and R'j are attached or disjoint for i ^ j , each R[ is contained in some Rj, and 

[Jll^R^^[Jfl,^R'^. 

Proof. Let Ri and i?2 be two maximal linear regions. The connected components 
of i?i D i?2, Ri\ R2 and R2 \ Ri are linear regions. The maximal linear regions of 
this kind satisfy the required conditions. Hence the statement is easily proved by 
induction on TV. □ 

Lemma 2.6. Any finite union of linear regions, such that any pair of them are 
attached or disjoint, admits a triangulation T that induces a triangulation on each 
linear region. 

Proof. Any linear region can be subdivided by a union of convex linear regions. This 
subdivision is given by its definition from half-hyperplanes: let R — IJiLi H^i'i 

where the sets if*'" are half-hyperplanes, let i/j'^ = M" \ For each i, consider 
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the family 



Mi 

A = <( n ■ ■ • n A,_i n p| h]-° n A,+i n • • ■ n 



where e { H^^i ijj^''^ | ij £ {0, 1} Vj }. The union of the famiUes Di gives a 
convex subdivision of R. Hence we can suppose that the hnear regions considered 
are convex. The triangulation is given by standard barycentric subdivision, defining 
the barycenter of a hnear region as its mass center. □ 

Definition 2.7 (Subdivision of a measurable simplex). Let A x S" be a measurable 
n-simplex. A measurable subdivision of a measurable simplex is a countable family 
of measurable n-simplices and MT-embeddings : A x 5^ — )■ A x S" such that 
0i(A X Si) determines a usual subdivision on each fiber; i.e., the family {0i(A x 
Si) n (A X {s})} is a usual subdivision of the simplex A x {s} for all s £ S. 

Proposition 2.8. Let U be a measurable countable open covering of a measurable 
simplex A x T. There exists a measurable subdivision of A x T such that, with 
notation of Definition \2. 7| each (f)i{A x Si) is contained in some element oflA. In 
fact, there exists a measurable partition {TjjjgN of T such that the subdivision on 
A X T'j is constant; i.e., the same subdivision in each fiber A x {*}. 

Proof. Take a base of open subsets of A" given by the barycentric subdivisions, 
where the simplices of these subdivisions are slightly augmented to be open sets 
and their closures are also simplices. Order this base of augmented simplices and 
denote it by ;B = {Ai, . . . , A^, . . . }. By using Theorem 11.21 on each U £ U, there 
exists a sequence {TijigN of Borel subsets of T such that A x T = [J.{Ai x Ti), 
and each A^ x Ti is contained in some U £ U. Observe that, in general, the family 
{TijigN is not a partition of T. 

For each iV e N, let S^ j^ = n,=i T^ and let / C {1, N}. Define recursively 
5']^ = (riie/^i) \ iJj^iC\j£j"^j- They are a finite number of disjoint measurable 
transversals, and, clearly, IJi=i Ai x Ti — |J/(Uie/ ^i) ^ ■ 

By compactness, each fiber is contained in a finite union Ui^i(^i ^ ^0 f^i' 
some N large enough; in fact, it is contained in some of the sets (IJie/ ^i) ^ 
Sf . The family of transversals Sf is clearly countable, and let {5'„}„gN be an 
enumeration of this family. Let {5*716 }fcGN the subfamily of transversals such that 
their topological fibers (lJiG/(fc) ^'^^ "^"fc — '^i'(k}^) cover A. Let T{ = Sm, and 
define recursively T^. = S',-^^ \ Uj=i ■ This family is a measurable partition 
of T and every T^. is contained in >S']|^^'' . For each fc £ N, Lemmas 12.51 and 12.61 
provide a triangulation of A that induces subdivisions in the family of simplices 
{Aj}jg/(j,). This triangulation is extended to a measurable triangulation in the 
measurable prism AJ x by taking exactly the same triangulation on 

each topological fiber. Hence the measurable subdivision induced on A x T satisfies 
the conditions of the statement. □ 

Corollary 2.9. Let lA be a measurable countable open covering of T . Then i : 
-^mt(-^' ^ mt(-^' ^) isomorphism for all n £ N. 
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Proof. Notice that any singular chain cr : A x T"' — > T induces on A x T a countable 
partition of adapted subdivisions with respect to the covering a~^U by using the 
above proposition. Let {T^ | i € N} denote the partition corresponding to Tg., and 
the subdivision of each fiber of A x T[ . For t ^ T^, let i{t) be the unique index 
such that t ^ Tf . The expression of the inverse map of i* on closed cochains is 

p*{uj){c7){t) EagT- , ^i^lAxT'.Jit)- □ 

Let C^rp[U + V) be the cochain complex given by the measurable cochains which 
vanish on measurable singular simplices that do not lay in either U oi V , and let 
H^rj,(U + V) denote its cohomology. By the previous corollary, H^j.{J^uuv) is 
isomorphic to H^r^(U + V) via the restriction map. In fact, by using the 5-Lemma, 
Hyni-^j J'Uuv) is isomorphic to Hmt(-^j U + V). 

Corollary 2.10. The usual cup product induces a well defined cup product in mea- 
surable relative cohomology: 

Proof. The cup product gives 

^ : i?ST(-^, -^c/, r) X -Fy , F) ^ u + v,r). 

Now, observe that H^^{T^ U + V, F) is isomorphic to H^j.{T, J^uuv, T)- D 

Our goal now is to adapt the long exact sequence of a triple in order to approach 
some kind of excision result. 

A measurable triple {X, A, B) is a collection of three MT-spaces such that A is 
MT-subspace of X and B is MT-subspace of A. Of course, we have the following 
short exact sequence of complexes: 

Q ^ Cl,r,{X,A,T) ^ Cl,^(X,B,T) ^ Cl,^{A,B,T) ^ G . 

The surjectivity of the map to C^rp(A, i?, F) can be proved as follows: giving uj e 
C^t(^i B^ F), let u) be its extension assigning to simplices that are not contained 
in A] it is clear that this extension is measurable. Therefore we obtain a short exact 
sequence in cohomology: 

• • • ^ H^^[X, A, F) ^ W{,^{X, B, F) ^ H'^^{A, B, F) -> H^^\X, A, F) • • • 

For the excision statement we refine the conditions on the triple (X, A, B). Now 
we require that B and int(yl) are measurable sets, and B is MT-subspace of mtA. 

Remark 2.11. By a result due to Kallman [8], if a measurable set meets each leaf 
of a measurable lamination in a cr-compact set, then its closure and interior are 
measurable. Under these conditions the hypothesis on the triple may be reduced 
to the usual A,B cX and 'B C int(A). 

Theorem 2.12 (Excision for measurable laminations). Let U = {U, V} be measur- 
able open covering of a measurable lamination T . Then H^j,{J-, U, F) = H^j,[V, U n 
y,F) via the inclusion map i : (V, U ClV) U). Equivalently, if Z C U is mea- 

surable and closed, then H^^{J- , C/, F) = H^rj^{ J- \ Z,U \ Z,T) via the inclusion. 

The equivalence between the two statements is well known [6]. 

Proof We had seen that the inclusion map C^r^. {X, U, F) C^t {U + V, U, F) 
induces an isomorphism on measurable cohomology. On the other hand, it is easy 
to check that the inclusion map j : Cj^x + V,U,T) — > {V,Ur\V) also induces 
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an isomorphism in measurable cohomology; in fact, j is an isomorphism of cochain 
complexes. □ 

Remark 2.13. It is easy to check that H^rj,(T, F) = for n > 1 and any transversal 
T of a measurable lamination. Hence, by exactness, H^^r^{T, T, T) = H^^r^{J-, T) for 
n > 2. On the other hand, if^T(-^' is the group of measurable maps f : ^ T 
constant on leaves for any MT-space J^. 

Remark 2.14. Observe that the exactness of the Mayer- Vietoris sequence holds for 
measurable cohomology. Let U, V be measurable open sets covering a measurable 
lamination. The following short sequence is exact: 

^ c^r^iu + v,r)^ ci,^{u, V) e ci„{v, r) ^ cSt(c/ n k r) ^ o . 

The usual proof of the Mayer- Vietoris principle can be adapted by checking that 

measurability is always preserved. 

Now, we show another description of the singular measurable cohomology for 
measurable laminations. It will become important to define singular LP' - cohomol- 
ogy later. 

Definition 2.15. Let T be a complete transversal of T . An elementary measurable 
singular n-simplex relative to T on is an MT-map a : A" x T^- ^ T such that 
T<^ C T is a Borel subset and cr(A" x {t}) C Lt for all t e T^. Observe that 
this definition implies that (j~^{L) is a countable union of fibers of the measurable 
simplex for each leaf L G J^. The set of elementary n-simplices is denoted by 

Let Meas(T, F) be the group of measurable maps T — >■ F. An elementary n- 
cochain over the coefficient ring F is a map w : EC'n{J^) Meas(T, F) such that 
co{a) is supported in T„ for all a e ECn{J^), i^{i7\axs) = <^(o') ' Xs for any measur- 
able S (ZTfj and a;(cr(icl x /;,)) = u){a)oh for all measurable holonomy map h : A ^ B 
between measurable subsets A, B <Z T . The set of elementary n-cochains will be 
denoted by EC^{T,T), and it is endowed with a group structure induced by F. 

The coboundary morphism 5 : EC''-^{F,T) EC"(J',F) is defined by 

n 

6uj{a) = w(rj) , 

i=0 

where n denote the restriction of a to each measurable (n — l)-simplex of the 
boundary and the li denote the orientation factors (1 if the orientation of the face 
agree with the orientation induced by the simplex or —1 otherwise). This is well 
defined since operations in F are measurable. Like in the classical setting, 6"^ = 
and we have a cochain complex. The measurable countable-to-one cohomology 
groups are defined as usual by H^{T,T) = ker(5„/ Im(5„_i. 

Let f : T ^ Q he BJi MT-map such that f~^{L) is a countable union of leaves 
of T for all L & Q; such a map is said to be countable-to-one. By using Lusin's 
lemma, there exist complete transversals, T oi T and T' of Q, such that f{T) c T' 
and / : T — >■ T' is injective. Therefore, measurable countable-to-one cohomol- 
ogy is functorial with respect to countable-to-one maps and complete transversals 
satisfying the above conditions. 
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Proposition 2.16. Elementary cochain complexes relative to different complete 
transversals are isomorphic. Hence the cohomology groups are independent of the 
choice of the complete transversal. 

Proof. We use the notation ECniT) for the elementary n-chains relative to a 
complete transversal T and the notation EC"{T) for the associated elementary 
n-cochains. Obviously, it is sufficient to prove that EC*{T) is isomorphic to 
EC*{T') for T C T. The inclusion map : EC*{T) ^ EC*{T') induces a 
cochain map i* : EC*(T') -> EC*(T). Now, let us define its inverse. Let 
Bi = T nT' and C ^ T' \T. By Lusin's lemma (Lemma HH]), there exists a 
countable measurable partition {B2, B^, . . .} of C and measurable holonomy maps 
hi : Bi ^ hi{Bi) C T for j > 1. For t G T, let i{t) be the unique positive integer 
such that t G For a G ECn{T') and i G N, define cr^ : A x hi{Bi n T^) J" 

by cr,{x,t) = a{x, hf^{t)); observe that a, G ECn{T) for all i G N. Let w G C*(T), 
and define puj{a){t) = a;(fTi(t))(/ii(j) (t)), which is an elementary cochain relative to 
T'. Clearly, p : EC*{T) EC*{T') is inverse oii*. □ 

Corollary 2.17. Let J- be a one-leaf foliation. Then the standard singular coho- 
mology groups are isomorphic to the measurable countable-to-one ones. 

Proposition 2.18. Suppose that there exists a countable covering lA — {Un\n&i 
such that all finite intersections are measurably contractiblc, i.e., there exists a 
measurable deformation of the inclusion map to a constant map along the leaves. 
Then the measurable singular cohomology groups and the measurable countable-to- 
one cohomology ones are isomorphic. 

Proof. We shall show that this two cohomology groups are isomorphic to a certain 
notion of measurable Ceck cohomology groups related to a nice covering of the 
measurable lamination, and therefore, they are isomorphic. 

The measurable Ceck cohomology with respect to a measurable open covering 
with constant coefficients on a measurable group F, is defined as follows; of course, 
it is also possible to define it by using sheaves. Let 

(io,...,is) 

where F) is the set of measurable maps f : U T constant on the leaves of 
J^u- The coboundary map is defined like in the usual Ceck complex, and the corre- 
sponding cohomology groups are the measurable Ceck cohomology groups induced 
by the covering. 

Let S^{U, F) (respectively, S'^{U, F)) denote the set of measurable singular cochains 
(respectively, countable-to-one) relative to U with coefficients in F. Consider the 
following two double complexes 

C^^'^ n CW(f/.on---nf/,^,F), 

(in,--- ,is) 
(«o,--- ,is) 
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Observe that C*'^^ = Cj^ i^^rp(7^, F), and the coboundary map on C*'" is the usual 
measurable coboundary map. In the same way, C'*'~^ = EC^{J',T). For the ver- 
tical rows, the coboundary map is defined like in the Ceck complex. Of course, 
C~i^* = ker(C°'" Ci'") and C'-i'" = keriEC"^" EC^'"). An easy compu- 
tation shows that C~^ * and C"^^'* are the same complex (the measurable Ceck 
complex relative ioU). 

For i,j > —1, the columns and rows of C and C have trivial cohomology since 
the rows are given by measurably contractible spaces and, for the columns, we have 
the following obvious cochain homotopy to zero. Suppose that U is well ordered 
and, for cr : A 11.,^ D ■ ■ ■ Ci Ui^, define ha = a : A ^ n Ui„ n ■ ■ ■ n Ui^, 
where Ui^ is the first element of 14 containing the image of a. This definition also 
works for degree — 1 , where we consider singular simplices a : A J- whose image 
is contained in some element of U. The cochain homotopy h : C^'" — >■ C'""^ is 
defined by huj{(j) = uj{h(j). The case of C*"'-* is completely analogous. 

By a standard argument, the cohomology groups of the first row and first column 
are isomorphic. Finally the result follows by measurable excision. □ 

Remark 2.19. The hypothesis is not very restrictive and includes many of the 
interesting examples. For instance, it holds for measurable suspensions with a 
good base, measurable simplicial spaces (where the leaves are simplicial complexes) 
or usual topological foliations. 

3. Simplicial, U' and differentiable measurable cohomology 

A measurable lamination may have a measurable simplicial structure. Roughly 
speaking, it is a simplicial structure on the leaves that varies in a measurable way. 
It is natural to adapt to these special cases the concept of simplicial and cellular 
cohomology. Also we introduce the measurable cohomology when there exists 
a transverse invariant measure and the differentiable measurable cohomology for 
differentiable measurable laminations. Original definitions are given in 

Definition 3.1 (Measurable triangulation [T]). A measurable triangulation for a 
measurable lamination is a measurable family of triangulations {Th^LeT- Here, 
measurability means that the set of their n-simplices are embedded MT-spaces. The 
image of barycenters of n-simplices, denoted by S", is a transversal. The function 
cr" : A" X S" — >■ X, mapping a barycenter to the embedding cr^ : A" Lp given 
by Tl , must be measurable, where A" is the canonical n-simplex. A measurable 
triangulation is of class C" if the functions cTp are C". 

Let T he a triangulation. An n-cochain over a measurable ring F is a measurable 
map w : — F; of course, we identify the barycenters of S" with the respective 
n-simplex. We denote by C"(7", F) the set of simplicial n-cochains; this set is 
endowed with a ring structure induced by F. We define the coboundary operator 
5 : C"(r,F) ^ C"+i(r,F) as usual by 5uj : ^ F, 

5oj{b)^ b{p)u{p) 

where b{p) is the orientation of the simplex A^ induced by A^'^^. 
Clearly, 6^ — Q and we can define the cohomology groups as usual: 

i7"(r,F) -Ker5„/Im(5„_i . 
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Proposition 3.2. Let {X,J-) be a measurable lamination that admits a measurable 
triangulation. Then its measurable singular and simplicial cohomology groups are 
isomorphic. 

Proof. The standard argument used to prove that measurable singular cohomology 
is isomorphic to the measurable countable-to-one cohomology (Proposition I2.18|) 
can be adapted easily in order to obtain this result. We only need to check the 
existence of a nice covering by measurable open sets such that all finite intersections 
of them are also contractible. The covering will be given by using the star open 
sets of the 0-simplices. We claim that there exists a measurable countable partition, 
T = {Sn}neN, of B° such that the measurable open sets 

Un ^ { X £ T \ 3y e Sn, X e Staiiu) } 

form a nice covering satisfying the above conditions, where Star(?/) denotes the 
open star set around the 0-simplex y; i.e., the union of the interiors of all simplices 
containing y. Equivalently, we shall prove that any pair of points of each Sn are 
not connected by any 1-simplex. 

Let cr^ : [0, 1] X — ^ be the 1-simplicial structure of our measurable triangu- 
lation. In the measurable prism [0, 1] x S , we have a canonical simplicial structure 
where the set of 0-simplices is C° = {0, 1} x and the restriction map : ^ S° 
has countable fibers. By Lusin's lemma (Proposition ll.ip . there exists a measurable 
partition {T„}„gN of C*^ such that cr^ : r„ — > B'^ is a measurable injection for all 
n € N. Each r„ induces a measurable holonomy map: endow {0, 1} with the group 
structure of Z2 and define hn ■ cr-^(T„) B° by hn{a^{x,t)) = a^{x + l,t). 

Let B1^ be the measurable set of 0-simplices that meet exactly m edges of 
B^ . This family gives a countable partition of B^. Each non-empty intersection 
■■■ im ~ ^^(^n) n . . . cr^(Ti^) n B'^ defines a domain where only the holonomy 
maps hi^, hi^ are defined. Observe that the sets if™ j^, to e N, form a mea- 
surable countable partition of B° . If K"^^,,,^,^ n h,^{K-^^ = for 1 < j < to, 
then this transversal satisfies our conditions, otherwise we claim that there exists 
a measurable countable (in fact finite) partition of A'™ where this is true in 
each element of the partition. Endow T„j = 6,^^ n U with a Polish topology isomor- 
phic to [0, 1] (the other cases are trivial). For each x G X™ ^ , consider a family 
of open neighborhoods such that Hn ^ = {^}- Hence for n large enough, 
n hi- {V^) = for 1 < j < to; otherwise there exists an edge connecting x with 
itself, which contradicts the definition of triangulation. Notice that hi.{y^) is not 
open in general, but it is measurable. Now, by compactness, we can choose neigh- 
borhoods Vi, Vat covering if™ such that any pair of points on each one of 
them are not connected by any 1-simplex. Then the desired partition of if,™ 

is inductively defined by - — and = Vfe \ (lJi=i^ ^i)- 

Finally, the partition T is given by all the previous partitions {i3j.^' "'*'"}j!^^. □ 

Corollary 3.3. The measurable simplical cohomology does not depend on the mea- 
surable triangulation. 

In the setting of measurable simplicial cohomology we can restrict to a fixed 
complete transversal parametrizing the measurable simplices. Suppose that there 
exists a transverse invariant measure A and F = M or C (or a measurable subgroup 
of them). Then, we can work with ^"-measurable cochains, which are equivalence 
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classes of L"-maps f : B^^ that are on each leaf, with the equivalence rela- 
tion defined by being A-almost everywhere equal. The induced cohoniology groups 
are the L"-measurable cohomology groups associated to the measurable triangula- 
tion. For a good definition of the coboundary map, assume that the measurable 
triangulation is regular; i.e., there is a uniform bound for the number of simplices 
shearing any face. The invariance of the measure implies that these cohomology 
groups do not depend on the measurable triangulation. These L" cohomology 
groups are not isomorphic in general to the measurable cohomology groups, but 
they give a simplification of the description of the measurable cohomology groups 
and help in the search of nonzero cocycles. In the L^-case, we can give a structure 
of Hilbert space to the L^-measurable cochains, and define the A-Betti numbers 
like the Murray- von Neumann dimension of the space of harmonic cochains [5j [1] , 
which is isomorphic to the reduced L^-cohomology, defined as the quotient of the 
kernel of each 5n over the closure of the image of (5„-i. For measurable lamina- 
tions with differentiable structure on the leaves, we can define the differentiable 
measurable cohomology groups 1, 7 . Of course, measurable differentiable classes 
are measurable sections of f\ TJ-* smooth on the leaves, and the coboundary oper- 
ator is the exterior derivative on the leaves; the measurability is preserved by the 
exterior derivative since partial derivatives are computed by a limit of measurable 
maps. These cohomologies are related to the leafwise cohomology. 

Finally, observe that it is also possible to define a version of the cellular coho- 
mology if we consider a CW-structure on the leaves varying measurably (similarly 
to a measurable triangulation). 

4. HOMOTOPY INVARIANCE OF THE L^-COHOMOLOGY 

One of our motivations to define the measurable singular cohomology is its homo- 
topy invariance, which is a simple way to prove that other isomorphic cohomologies 
are homotopy invariants. The L^-cohomology groups are defined with respect to 
a measurable triangulation. Hence, their homotopy invariance is a good problem. 
In [7], the proof of this fact is based on the notion of simplicial approximation, 
without introducing the concept of singular L^-cohomology. We solve it by defin- 
ing a singular version of these groups where the homotopy invariance is easy to 
prove, and then we show that usual L^-cohomology and singular L^-cohomology 
are isomorphic. Of course, we need some conditions on the ambient space of the 
lamination. We assume the existence of a finite regular foliated atlas such that the 
transversal associated to each chart has finite A-measure, where A is the transverse 
invariant measure. Also, it is supposed that there is a riemannian metric on the 
leaves that varies measurably on the ambient space. 

Definition 4.1. Let T be a complete transversal to T with finite A-measure. 
A singular L^-cochain is the equivalence class of an elementary cochain lu such 
that Jrp \oj{a{—,t))\'^dA{t) < oo for aU elementary simplex a : A" x — ^ J" 
relative to T. The equivalence relation is given by the "A-almost everywhere equal" 
equivalence relation. 

Remark 4.2. Notice that L^-cochains do not form a Hilbert space. There is no 
obvious direct way to endow this space with a scalar product. 

Of course, the operator S preserves singular L^-cochains and we can define the 
singular L^-cohomology groups L\H^j,{T,T). Let / : (.7^, A) — s- (^,A) be a 
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countable-to-onc MT-map such that A(r),A(T') < oo for complete transversals 
T and T' so that / : T — >■ T' is injective. This kind of map is called comparable 
and induces a honiomorphism in singular L^-cohomology, /* : L\H^r^{Q ,T) 

Proposition 4.3. The singular L^-cohomology groups are independent of the choice 
of the complete transversal. 

Proof. It can be proved like the analogous statement for countable-to-onc cohomol- 
ogy (Propostion 12 . 16|) . □ 

Proposition 4.4 (MT-homotopy invariance). Let f,g : {X,J^,A) (Y,Q,A) be 
MT-homotopic comparable countable-to-one maps; i.e., there exist a countable-to- 
one MT-map H : (X x M, J" x M,A) (^,A) such that H{x,0) = f{x) and 
H{x,l) = g{x), where x R denotes the measurable lamination whose leaves are 
Lx'R, L € T; observe that the homotopy must be also comparable by Lusin's lemma. 
Then f* and g* induce the same homomorphism in singular L\-cohomology. 

Proof. Looking at the proof of the Proposition I2.3[ the fact that the homotopy 
preserves transversals of finite measure means that the induced cochain homotopy 
preserves measurable singular L^-cochains. Also, observe that the cochain homo- 
topy, P, is well defined at the level of elementary cochains and the homotopy 
condition, g* ~ f* ^ dP + Pd, holds. □ 

Proposition 4.5. The singular L^-cohomology groups are isomorphic to the - 
simplicial ones. 



Proof. It is the same as the proof of Proposition 13.21 with the obvious changes. We 
only need to give the correct notion of singular L^-Ceck cohomology. Remember 
that the chosen nice covering is the covering {C/n}neN formed by star open sets 
around a suitable partition of the 0-simplices (see the proof of Proposition 13. 2p . 
The L^-Ceck cohomology is defined like the measurable one by taking L^-maps 
f : Un ^ T constant along the star open sets. □ 

Question 4.6. The question about the homotopy invariance of the A-Betti numbers 
was formulated by Connes in [5] and solved by Heitsch and Lazarov in [7|. Could 
the singular L^-cohomology provide a simpler proof of this fact? 

5. Computation on examples and applications 

Example 5.1 (Product and trivial Polish laminations (3j). Let C be a simplicial 
complex such that each simplex meets only finitely many other simplices. Then 
the measurable simplicial cohomology of the product MT-space C x T, where T 
is a standard Borel space, can be identified to the space of measurable maps / : 
T H*{C,T), where H2^{C,T) denotes the usual cohomology of C. A similar 
result holds for the L''-cohomology when we consider a measure A on T, obtaining 
LlH^r,{C X T, r) = U[T, F; A) ® H*{C, T). 

Example 5.2 (Wedges). We compute here the measurable cohomology groups of 
a measurable wedge. Let Q be measurable laminations, let T be a complete 
transversal of T and 7 : T — > a measurable injection such that 7(T) is a complete 
transversal of G- Let 7r:J^UC/— J^J^V^be the projection onto the wedge construc- 
tion identifying each t ^ T with j{t). Suppose that T consists of isolated points. 
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and there are measurable atlases of T and Q with contractible plaques. Then there 
exists a measurable open set U C T\lQ and an MT-homotopy : [/ x [0, 1] — T\lQ 
such that 7r(T) C ?7, 0) is the identity map on 7r(T), and 1) is a retraction 
of U to 7r(T). Moreover 7r-i(C/) = [/' U C/", where T C C/', 7(r) C C/", and 
defines MT-homotopies, H' : U' x [0, 1] ^ J" and i/" : U" x [0, 1] 5, such that 
0) and H"{-, 0) are identity maps, and H'{-, 1) and H"{-, 1) are retractions to 
T and ^{T), respectively. By honiotopy invariance, 

c"(^,T,r), c"(a,7(T),r), c"(^ve;,7r(T),r) 

are respectively isomorphic to 

c"(^,f/',r), c"(g,[/",r), c"(j-ve;,[/,r) . 

Consider the measurable open coverings U — {T\T,Q\^(T),U},IJ' = {T\T,U'}, 
U" = {Q\^{T), U"} oi T\J Q, T and Q, respectively. It is clear that the complexes 
Cl^iT V Q, U, r) and C^, {F, U' , T) © C^^,, {G, U" , T) are isomorphic. Therefore, by 
Corollarv l2.9[ we obtain that 

H*{i-\/g,TT{T),r)^ H*{i;T,r)®H*{g,-f{T),r) . 

Example 5.3. Let {T^,Fa) be the Konecker flow, given as a suspension of the 
rotation Ra : ^ of 27ra radians. The case where a is rational is trivial. 
Thus suppose that a is irrational and let us prove that i?^rp(J^„, Z2) is non-trivial. 
The projection of [0, 1] x 5*^ to T^, given by the suspension, induces a measurable 
triangulation of Ta, where the 0-skeleton is the projection of {0} x S-^ and the 
1-skeleton is the projection of [0,1] x (we consider the set of barycenters as 
the projection of {1/2} x S^). Of course, the and 1 measurable cochains are 
measurable maps / : S*^ — > Z2. We show that the 1-cochain, cj = 1 : S"^ — Z2, 
is non-trivial. If uj is trivial, then there exits a measurable map / : S*^ — > Z2 and 
1 — Lu — f o — f. Of course, it is also true that 1 = lo o R^ = f ° R2a ~ f ° Ra- 
Hence = f o i?2a — f, showing that / is 2a invariant. By ergodic arguments, / 
is constant almost everywhere, and therefore / o R^ — / = almost everywhere, 
which is a contradiction. 

In higher dimension, let Fai,...,an the foliation of given by the suspension 

of minimal rotations of with angles 27rai, . . . , 27rQ!„ radians, where ai, . . . , 
are Q-linear independent. Each leaf of this foliation is an hyperplane dense in T"+^. 

Let [0,1]" C M" be the unit cube and let T = S^. The product [0,1]" x T 
defines a measurable CW-structure on F given by the suspension projection p : 
[0, 1]" X T jr. Let a; = 1 : T — > Z2, which is a CW-cochain of dimension n. 
Let be the rotation of by 2770;^. If there exists a CW-cochain 6 such that 
56 = UJ, then 

(5.0.1) ^(0.oi?„. -1-0,) = 1 , 

i 

where 9i = 0(p|eixT) and = {{xi, . . . ,x„) G [0, 1]" | Xi = 0}. The proof that w 
is non-trivial is more difficult than in the one dimensional case. First of all, any 
measurable map / : S"^ — Z2 can be considered as a characteristic map xb ■ — 
Z2, where B is a measurable subset on . Given measurable subsets B,C C S^, 
it is clear that xb + XC = Xbac, where B A C = {B \ C) U {C \ B). Of course, 
XboRc = XR-cB, hence XB°Ra+XB = X{R-o,b)AB- We want to show that, for any 
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family . . . , Bn} of n measurable subsets of S^, such that J2i Xb ° Ra+XB = 1, 
the set 

z=i^zeS^ I ^ XB, o i?„ + = 1 

has positive measure, which obviously contradicts (|5.0.ip . It is not difficult to 
see this in the case where each Bi is formed by a finite disjoint union of open 
arcs, and, in fact, the measure of Z depends on the lengths of these arcs. Of 
course, the contradiction comes from the existence of integers m, ?7ii, m„ such 
that 27rmiai + • • • + 27rm„a„ = 27rm. 

Now, let {Bi, Bn} be a family of measurable sets and let {U^}neN be a family 
of sequences of open sets in 5^, where each is a finite disjoint union of open 
arcs such that Bi C for all n and length([/i \ Bi) < 2^". By induction on the 
dimension, we can suppose that each Bi has positive measure. Hence the lengths 
of the arcs converge to a positive number. Let 

Z„ = I z £ S*^ I ^ xc/,\ °Ra+ Xui ^ ^ I ■ 

By the previous observation, liminf„ length(Z„) > 0, and it is easy to see that this 
limit equals length(Z). 
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